
Lecture 1: The Moore–Penrose inverse

A generalized inverse (G.I.) of an arbitrary matrix A ∈ Cm×n is a matrix
X ∈ Cn×m that satisfies certain useful properties of an inverse, and reduces
to it if A is nonsingular. Several G.I.’s will be mentioned, and the most
important one, the Moore–Penrose inverse, will be studied in detail. It
is characterized as the unique solution X of the 4 Penrose equations

(1) AXA = A; (2) XAX = X; (3) (AX)∗ = AX; (4) (XA)∗ = XA,

or equivalently, as the unique solution of

AX = PR(A), XA = PR(A∗),

where PL is the orthogonal projector onto the subspace L.

(a) Existence and uniqueness.

(b) Properties.

(c) Connection to the Singular Value Decomposition.

(d) The volume of a matrix.

(e) Computations.
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